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1

Introduction

The noncommutative tori is known to be the most accessible examples of noncommutative geometry developed by A. Connes [4]. A noncommutative torus is a universal
C ∗ -algebra generated by two unitary operators subject only to a suitable commutation relation. It arises naturally in a number of different situations. Among others, it
can be obtained as a deformation quantization of the algebra of continuous (smooth)
functions on an ordinary torus. This approach has been used widely in gauge theories
on noncommutative tori.

2

Some preliminaries on noncommutative complex
tori

In this section, we review some basic facts for noncommutative complex tori and
bundles on them.
1

2.1

Noncommutative complex two-tori

A noncommutative two-torus Tθ2 is defined by two unitaries U1 , U2 obeying the relation
U1 U2 = exp(2πiθ)U2 U1 ,

(1)

where θ ∈ R/Z. The commutation relation (1) defines the presentation of the involutive algebra
Aθ =


 X

an1 ,n2 U1n1 U2n2 | an1 ,n2



n1 ,n2 ∈Z2



2
∈ S(Z ) ,


where S(Z2 ) is the Schwartz space of sequences with rapid decay at infinity. The
action of T 2 by translation on C ∞ (T 2 ) gives an action of T 2 on Aθ . The infinitesimal
form of the action defines a Lie algebra homomorphism δ : L → Der(Aθ ), where
L = R2 is an abelian Lie algebra and Der(Aθ ) is the Lie algebra of derivations of Aθ .
Generators δ1 , δ2 of Der(Aθ ) act in the following way:


δk 

X

(n1 ,n2

)∈Z2



an1 ,n2 U n1 U n2  = 2πi

X

(n1 ,n2

nk an1 ,n2 U n1 U n2 .

(2)

)∈Z2

A complex structure on Tθ2 is defined in terms of a complex structure on the Lie
algebra L = R2 which acts on Aθ . Let us fix a τ ∈ C such that Im(τ ) 6= 0 and then τ
defines a one-dimensional subalgebra of Der(Aθ ) spanned by the derivation δτ given
by


δτ 

X

(n1 ,n2 )∈Z2



an1 ,n2 U n1 U n2  = 2πi

X

(n1 τ + n2 )an1 ,n2 U n1 U n2 .

(3)

(n1 ,n2 )∈Z2

2
The noncommutative torus equipped with such a complex structure is denoted by Tθ,τ

and will be called a noncommutative complex torus.

2.2

2
Holomorphic bundles on Tθ,τ

Since the algebra Aθ is considered as the algebra of smooth functions on Tθ2 , the
vector bundles on Tθ2 correspond to finitely generated projective right Aθ -modules.
Such modules can be constructed by the Heisenberg projective representations and it
is known that for each g = ( ac db ) ∈ SL2 (Z) such that d + cθ 6= 0, a Heisenberg module
Eg (θ) := Ed,c (θ) over Aθ is given by the Schwarz space S(R × Z/cZ) equipped with
2

the right action of Aθ :
f U1 (s, k) = f (s −

d + cθ
, k − 1),
c

f U2 (s, k) = exp(s −

kd
)f (s, k),
c

where s ∈ R and k ∈ Z/cZ. For g ∈ SL2 (Z), the modules Eg (θ) will be referred as
basic modules.
Proposition 2.1. For a stable bundle E on Xτ whose topological type is specified
by a matrix g = ( ac db ) ∈ SL2 (Z), there is a basic Aθ -module Eg (θ) equipped with a
connection whose curvature is −2πiµ.
Proof. Associated to the curvature condition on the stable bundle E on Xτ , we define
a Heisenberg commutation relation by
F∇ = [∇1 , ∇2 ] = −2πiµ.

(4)
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